Abstract. In this study, an analytical formula for multipleinput single-output single frequency network gain (MISO-SFNG) is investigated. To formulate the net MISO-SFNG, we derived the average signal to interference plus noise ratio (SINR) where the gain achieved by the distributed MISO diversity as a function of power imbalance is curve-fitted. Further, we analyzed the losses owing to self-interferences resulting from the delay spread and imperfect channel estimation. We verified the accuracy and effectiveness of the derived formula by comparing the measurement results with the analytical results. The derived formula helps to understand how various system factors affect the gain under a given condition. The formula can be used to evaluate the MISO-SFNG and to predict the MISO-SFN coverage in various system configurations.
Introduction
In a multiple frequency network (MFN), each transmitter occupies a specific frequency, and the service coverage is determined by the specific transmitter. Coverage prediction in MFNs is mainly carried out by calculating the path loss between the transmitter and the receiving point, and the coverage contour is obtained by lining the points where the receive field strength (in dBm or dBµ/m) is equal to the minimum required field strength. Consequently, applying an appropriate path loss model is important for an accurate prediction of service coverage.
In a single frequency network (SFN), multiple transmitters share one frequency, and therefore, the service coverage is determined based on those transmitters [1] . The field strength and service coverage in the overlapping area of the received signal in the SFN increase owing to the SFN gain (SFNG) as shown in Fig. 1 . Therefore, accurately estimating the SFNG is necessary to predict and determine the SFN service coverage. However, according to [4] , a theoretical closed-form formula relevant to SFNG calculation has yet to be developed, although most results on SFNG have been collected and collated by laboratory experiments and field measurement campaigns [5] . Currently, two types of SFN are available: 1) the single-input single-output SFN (SISO-SFN), which is typically used in the first-generation broadcasting systems [6] such as DVB-T; 2) the multiple-input single-output SFN (MISO-SFN) based on the modified Alamouti code [21] [14] , which is newly introduced in the second-generation broadcasting system [7] such DVB-T2 [8] . In the SISO-SFNG case, the simple aggregate power sum calculation has been verified through a wide range of field measurements in many papers [13] [10] . Recently, an analytical formula that considers SISO-SFN loss (SISO-SFNL) due to the erasure effect [11] has been developed [12] .
Compared to the conventional SISO-SFN, MISO-SFN provides a higher SFN gain owing to the transmit diversity in overlapping service coverage areas [13] - [17] . The SISO-SFNG can be obtained without any signal processing at the receiver, and therefore, the gain can be predicted simply by adding the power of the received signals from all the trans- mitters. On the other hand, the MISO-SFN gain (MISO-SFNG) requires mandatory signal processing at the receiver specified in the standard as the gain cannot be predicted directly.
Thus, to the best of our knowledge, the potential and practical MISO-SFNG has been predicted only through simulations [14] , laboratory experiments [15] , and field measurements [16] [17] . Although the measurement data reported in these studies satisfactorily confirm the phenomenon, there exists no commonly accepted method or formula for evaluating MISO-SFNG explaining the various system factors influencing the gain under a given condition. This is because it is inherently impossible to control the test environment completely during the measurements, even by following the standardized measurement process [18] [19] . Therefore, measurement results obtained by using different techniques such as the channel estimation and interpolation method, and the synchronization strategy, would differ from each other.
Nevertheless, the analysis of the measured data reported in previous studies show that the practical MISO-SFNG is dependent on the transmission parameters, including the modulation order and code rate, power imbalance and relative delay between the transmitters, and pilot pattern related channel estimation errors. Therefore, an appropriate analytical tool is required to verify the measurement results and explain such phenomena.
In this paper, an analytical formula for MISO-SFNG is presented. In order to formulate the net MISO-SFNG, we first derive the analytical formula for the average signal to interference plus noise ratio (SINR) by considering the gain of the distributed MISO diversity as well as the losses due to the self-interferences resulting from the delay spread and imperfect channel estimation. The accuracy and effectiveness of the derived formula is verified by comparing the measured results with the numerical results.
Signal Model in MISO-SFN

Transmitted Signal Model According to MISO Processing
To enhance the SFNG in the coverage overlapping area, DVB-T2 adopts the MISO Alamouti code [21] in the frequency domain, i.e., a distributed space-frequency block code (SFBC), while the receiver can still use a single antenna [8] . Let X a n,k be the symbol on two consecutive subcarriers k and k + 1 of the orthogonal frequency division multiplexing (OFDM) symbol n transmitted on group a = 1, 2. In the symbol stream X n,k , the transmitted symbols are organized as follows:
where the transmitter in group 2 swaps the odd and even cells of the OFDM symbol and introduces the complex conjugate (·) * and a sign change. The K-point inverse discrete Fourier transform (IDFT) of X a n,k =
k=0 x a n,k e j2πk∆ f yields the discrete time-domain OFDM symbol where the number of subcarriers K and the subcarrier spacing ∆ f are specified in the standards, i.e., Table 66 in DVB-T2 [8] .
Received Signal Model in Matrix Form
As illustrated in Fig. 2 , the index sets for M transmitters in MISO-SFN are represented by G 1 = {1, 2, .., T } for group 1 and G 2 = {T + 1, T + 2, .., M} for group 2. The transmitted signal x a n [t] is filtered by the discrete-time channel impulse response h i [t] and contaminated by the additive noise w n [t]; therefore, the received signal y n [t] in MISO-SFN can be defined as [17] 
where α i and ∆τ i represent the amplitude and the relative delay of the received signal from each transmitter in the SFN, and denotes the convolution operator. x 1 n [t] represents the transmitted signal from group 1 and x 2 n [t] denotes the corresponding MISO encoding in (2) to the original signal transmitted by group 2.
H a n,k denotes the channel frequency response after OFDM demodulation for group a. The two received signals Y n,2k and Y n,2k+1 from two transmitter groups using a single antenna in two consecutive subcarriers k and k + 1 are represented as [8] [20]
(4)
where α is the power imbalance between transmitter group 1 and group 2, represented by
W n,2k and W n,2k+1 represent the additive noise with a complex circularly symmetric Gaussian random variable with zero mean and variance σ 2 w . We can represent (4) in the following matrix form:
αH 2 * n,2k+1
In the distributed MISO structure of the MISO-SFN system, H a n,2k and H a n,2k+1 , a ∈ {1, 2} may be independent because of the fully separated transmit antennas. Note that the transmit correlation of two antennas is obtained by
where E[·] is the expectation operator.
Detected Signal Model with Channel Estimation Error
In order to estimate the channel response of each OFDM symbol in the frequency domain, the receiver measures the channel using pilot symbols and then interpolates between these measurements [20] . As a result, the estimated channel matrixĤ is obtained by [23] 
−e 2 n,2k e 2 * n,2k+1 e 1 * n,2k+1
where E is a random matrix with each element e a n,k being an i.i.d complex Gaussian random variable C N (0, σ 2 e ) and the amount of error is dependent on the pilot patterns as well as the estimation and interpolation methods [20] .
Using the estimated channel coefficients, a matched filteringĤ H for maximum likelihood decoding is applied [21] , and the detected signal is given by
where (9) is the desired signal components, (10) leads to self-interference due to delay effects, (11) is caused by channel estimation error, and (12) are the effective additive noises.
Formulating the Net MISO-SFNG
Gain in Flat Fading Channel with Perfect Channel Estimation
For evaluating a pure MISO-SFNG, perfect channel estimation is assumed, i.e., E = 0 2 , where 0 r is an r × r zero matrix. In addition, two consecutive subcarriers are assumed to suffer from flat Rayleigh fading where H 1 n,2k = H 1 n,2k+1 and H 2 n,2k = H 2 n,2k+1 . Therefore, the resulting channel matrix H is orthogonal as explained by the following equation:
where I r represents an r × r identity matrix.
In contrast to the uncoded performance [13] where the code rate is ignored, the diversity gain in the coded performance is affected by the code rate R. In order to appropriately model the empirical results, a novel curve-fitting function is introduced as
where a and b are the parameters determined by R in Table  3 .1. For achieving the target bit error rate (BER), the minimum required SNR for MISO-SFN is defined [13] as
where SNR = 1/σ 2 w is the SNR for point-to-point SISO transmission. The simulation results of the minimum required SNRs for MISO-SFN are shown in Figs. 3 to 5 with respect to the received power imbalance. The corresponding curve-fitted lines in (14) are drawn in Figs 3 to 5, and they coincide very well with the simulation results. From the results, it is confirmed that the MISO-SFNG is higher for higher code rates and low power imbalance. This observation is in line with the results as conjectured in the ITU-R Report [4] . Interestingly, even though SNR req MISO varies with modulation orders, the difference between SNR req MISO and SNR, that is, the curve for MISO-SFNG is independent of the modulation orders.
Loss in Frequency-Selective Fading Channel
For the frequency-selective fading channel in the presence of the delay spread H 1 n,2k = H 1 n,2k+1 and H 2 n,2k = H 2 n,2k+1 , and the determinant of the matrix HH H is not null. Consequently, the channel matrix H is no longer orthogonal and the matched filter receiver no longer provides the optimum solution.
From (10), the average power of the self-interference due to the delay spread can be expressed as
where the approximation in (17) is due to |η| min{|ρ 0 |, |ρ 1 |} from (7) which means that H 1 n,2k H 1 * n,2k+1 and H 2 n,2k H 2 * n,2k+1 are approximately independent. The correlation of the channel over two consecutive subcarriers can be written as ρ 1 = E H 1 n,2k H 1 * n,2k+1 , and ρ 2 = E H 2 n,2k H 2 * n,2k+1 . Re(s) = 1 2 (s + s * ) takes the real part of complex number s. We provisionally let ρ 1 = ρ 2 = A c (∆ f ) where ∆ f is the frequency difference between two consecutive tones, and A c (∆ f ) is the Fourier transform of the power delay profile A c (∆τ) where ∆τ is the root mean squared (r.m.s.) delay spread representing the standard deviation of the power delay profile (PDP) [3] . These PDPs are considerably dif-ferent in appearance; interestingly, when ∆ f ∆τ 1, all the idealized profiles lead to the same approximation of 1 − |A c (∆ f )| 2 = (2π∆ f ∆τ) 2 [22] . Therefore, I 1 in (18) can be re-written as
Loss due to Imperfect Channel Estimation
From (11), the covariance matrix of the selfinterference due to imperfect channel estimation is given by E E H HXX H H H E = σ 2 e 1 + α 2 I 2 .where E XX H = I 2 , because the average transmitted signal power is normalized. Hence, the average power of self-interference is
From (12), the covariance matrix of noise is given by
Thus, the average power of noise is
Net MISO-SFNG
From (14), (16), (20) and (21), the average effective SINR for MISO-SFN is given by SINR MISO = 10 log 10
where ν denotes the weighting factors, that are dependent on the code rate and modulation order and are used to adjust the effective interference compared to the measured data. From the property in (22) , it is evident that any correlation between two antennas does not affect the average SINR. Finally, the net MISO-SFNG is defined by
Verification and Discussion
The validity of the derived formula in (23) is verified by comparing the measured results in [17] [15]:
• 32K-FFT mode in a 8 MHz bandwidth, i.e., the subcarrier spacing becomes ∆ f = 279 Hz [8] ,
• 64-QAM with FEC code rate 3/5, 2/3 and 3/4 are considered,
• the guard interval (GI) is chosen as 1/16, i.e., T g = 224 µs [8] ,
• σ 2 e = 10 −3 is assumed according to the pilot pattern 2,
• SNR is set according to Table 2 .14 in [4] . 
Effect of the Weighting Factor ν
The minimum required SNRs obtained by field measurements in the southern part of Germany are plotted in Fig. 6 according to the power imbalance [17] , comparing the measured results with the analytical results. The channel profile is not controllable and thus measured in various channel conditions; therefore, it can be observed that data from the field measurement are scattered. By adjusting the weighting factor ν, e.g. ν = 1.0 for code rate 2/3 in Fig. 6(a) and ν = 0.6 for code rate 3/4 in Fig. 6(b) , the measured results coincide very well with the analytical results, where the influence of the delay effect is well reflected and the field measurement results can be analytically explained as follows. • In the case of ν = 0.0, no delay effect is considered so that the maximum net gain of MISO-SFN can be obtained. Thus, the line acts as the fixed lower bound.
• As the weight factor ν increases, the upper bound is increased so that the area between the lower and upper bound is expanded and the scattered data can be gradually included.
• If ν is fixed, the gap between the upper and lower bound increases as the power imbalance increases, and therefore, the negative gain of MISO-SFN is observed when the power imbalance is approximately above -8 dB.
Verification of the Derived Formula
For calculating the analytical results from (23) , an identical MISO configuration in two-transmitter SFN has been considered in Tab. 2 [15] .
By comparing Fig. 7 with Fig. 8 , it is observed that the measured results coincide with the analytical results very well. In general, the MISO gain depends on the power imbalance, i.e., when the power imbalance is lower, the MISO gain is higher. As observed in Fig. 7 , the analytical results in Fig. 8 satisfactorily reflect the influence of the relative delay between the received signals of different MISO groups.
In addition, by comparing Fig. 7(a) with Fig. 7(b) , it can be confirmed that the effective MISO gain is also influenced by the code rate, i.e., the effective gain increases when the code rate is increased because the gain M (R, α) is higher for high code rates.
The curve corresponding to the data obtained from the field trials and laboratory measurements is coarse, where the unmeasured data are obtained by interpolation. On the other hand, the curve generated by using the analytical formula in (23) is smooth and fine. Consequently, we can evaluate the MISO-SFNG and predict the MISO-SFN coverage in various configurations numerically.
Conclusion
In this study, we derived the formula for MISO-SFNG by considering the diversity gain as well as self-interferences caused by delay spread and imperfect channel estimation. The accuracy and effectiveness of the derived formula were verified by comparing the analytical results with the measured data. Consequently, the derived MISO-SFNG formula can be used to evaluate DVB-T2 network planning without laboratory or field measurements.
